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ABSTRACT 

This note deals exhaustively with the following questions: In 
which cases it possible to construct a triangle, using ruler and 
compasses only, given any three elements out of twelve - the three 
sides, the three medians, the three altitudes and the three angles of the 
triangle, and, whenever possible, how does one actually construct it? 
For convenience the note is split into two parts. In the first part only 
the line elements (and not the angles) considered. In the second part 
the three angles are added to the list. Conditions for existence of 
solutions (no solution, one solution or more than one solution) are, 
however, not discussed in all cases. 


PART I 
One question frequently posed in mathematical competitions for 


secondary school students is to construct a triangle given three of its 
independent elements. 


In this part we deal with the problem of constructing a triangle, 
given any three elements from the following set of nine elements: 


{ a, b, c, mg, Mp, Moy Ags Ny, he } 


where a, b, c are the sides of the triangle, m’s are the respective 
medians and h’s are altitudes. 


Though the above set has 84 subsets with three elements, not 
all of them yield distinct cases. A little reflection will show that we 
need consider only the following twenty cases: 


l) a,b,c 2) mg m,,m, 3) ha, hy, h, 4) b,c,m, 
5) a,b,m, 6) mp, m,, a 7) Migs Mp, a 8) bch, 
9) a,b,h, 10) hy, h,,a 11) A, hp, a 12) mp, mfg 


13) mgs Mp, hg 14) Nyy he,img 15) holy mg 16) a,myh, 
17) a,mg,h, 18) a,imphg 19) a,mp,hyp 20) a,m,,h, 


Every other case will be covered by one of these twenty cases 
by a suitable permutation of the vertices. 


We shall f1x our notation once and for all: A, B and C will denote 
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the vertices of the triangle, D, Eand F the midpoints of the sides 
opposite A,BandC,and P,QandR the feet of the altitudes from 
A, B and C. We shall consider the cases one by one: 


Figure showing the elements involved in the construction | 


A Fig 


1) Given { a, b,c }: This is standard and will not be discussed. 


2) Given { i,, m,, m, }: This is also discussed in most of the 
elementary books on geometry. If AD is produced to G’ such that 
AG=GG’, then the sides of triangle BGG’ are known: 
GG’, BG and BG’ are 2/3 times m,, m, and m, in length. So triangle 
BGG’ can be constructed. Bisect GG at D’. Produce BD to C such that 
BD = DC. Produce GG’ to A such that AG = GG’. Draw AB and AC. 
We have the required triangle ABC. 

3) Given { h,, hp, hk, }: We note that a-h,=b-h,=c-h,, so 
that a:b:c=I/h,: \M,: 14h. The method of constructing line 
segments inversely proportional to given line segments is discussed in 
Appendix A. Construct a tnangle with sides proportional to a, b and c. 
This will be similar to the required triangle. Enlarge or reduce the triangle 
suitably to get a triangle having given altitudes. | 

4) Given {6,c,m,}: Suppose the triangle has been 
constructed. Produce AD to A’ such that AD = DA’. Join BA’. Then the 


sides of the triangle ABA’ are known. AB=c, BA’=band 
AA’ =2-m,. So first construct the triangle ABA’, bisect AA® at D, find 


Con BD such that BD = DC. Join AC. ABC is the required triangle. 
5) Given { a,b,m, }: This is simple case. Since DC = a/2, 


sides of triangle ADC are known. Construct this triangle and produce 
CD to B such that BD =DC. Join AB. 
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Constr 2 : Given { img, mp, mc } 


Constr 3 : Given { ha, hp, he } 


AN = PC, 
MN = PA, 
yt 
Pp B 


(b) 


Constr 4 : Given { b,c, ma } 


6) Given { m,,m,,a}: This again is simple. First construct 
triangle GBC since its sides are known: GB=(2/3)m,,GC 
= (2/3) m, and BC=a. Produce BG to EandCG to F such that 
BC = m, and CF = m,. Produce BF and CE to meet at A. 

7) Given { m,, m,,a }: Construct triangle BGD whose sides 
are known: BG = (2/3)m,, GD = (1/3)m, and BD = (1/2)a. Produce BD 
to C and DG to A such that BC =a and AD=™m,, Join AB and AC. 

8) Given { b, c,h, }: Draw AP =h,. Draw a perpendicular to 


AP through P. On this line find points BandC such that 
AB=candAC=b. There are two triangles satisfying the given 
conditions unless 4, = min (5, c). 
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9) Given (a,b,h, }: Draw AP=h, and a line through ? 


perpendicular to AP. Find C on this line such that AC=b. Find 
Band B’ on the line CP such that BC=B’C=a. Join 
AB (or AB’) and AC. Thus there are in general two solutions. 


Constr 5 : Given { a, 5, mga } 


Constr 6 : Given { mp, mc,a } 


B 


Constr 7 : Given { ig, imp,a } 


A 
= 
D 
Constr 8 : Given { b,c, ha } 
A 
Cy D 


Constr 9 : Given { a, b, ha } 


A 


Ca 


10) Given { fy, /.,a }: Start with B=a. Draw a circle with 
BC as. diameter. Find QandR_ on _ the _ circle’ such __ that 
BQ=h,andCR=h.. (In general there will be two solutions 
corresponding to Q and R being on the same side of BC or on opposite 
sides). Produce BR and CQ to meet at A. 

11) Given {A,, hy a}: First construct triangle BCQ with 
BC =a, BQ =, and angle Q = 90 deg. Draw the (two) lines parallel 
to BC at distance /, from BC. Let these intersect CQ at A and A’. Both 
triangles ABC and A’ BC satisfy the given conditions, so that there are 
two solutions. 

12) Given {m,,m.h, }: We can first construct triangle 
GBC since its two sides GB, GC and the altitude from G are known. 
Indeed if GP’ is drawn perpendicular to BC, then GP’ =h 3. This 
construction is done as in case (8). The rest of the construction is 
straightforward and is done as in case (6). 

13) Given { m,, mt, /, }: First construct triangle APD since 


its hypotenuse and a side are known: AD=m, and AP=h,. Divide 
AD at G in the ratio 2:1. Find B on DP such that GB = (23)m,. Find 
C on BD produced such that BD = DC . Join AB and AC. ABC is the 
required triangle. 

Constr 10 : Given { hp, hc, a } 


TOA 
z 


Constr 11 : Given { /ta, Ab, a } 


Constr 12 : Given { mp, me, he } 


A 
Be 
B Pp! Cc 


Constr 13 : Given { mg, mp, ha } 


. | 
VN 
3B > ? C 


14) Given { lip, hy, ig }: This is more difficult than the earlier 
cases. Let us analyse the case. Draw DQ’ and DR’ parallel to BQ and 
CR to meet AC and AB at Q’ and R’ respectively. Then DQ’ = hp/2 and 
DR‘ =/h-/2. Since the (common) hypotenuse AD and the sides 
DQ’ and DR’ of the right-angled triangles ADQ’ andADR’ are known 
these triangles can be constructed. To locate BandC (on 
AR’ andAQ respectively), we should draw a line through the point D 
such that D bisects the line segment intercepted by the arms 
AR’ and AQ’. This is an important construction by itself and is dealt 
with separately in Appendix B. The points of intersection of this line 
with AR’ and AQ’ and AQ’ give Band C. 


15) Given { ha, hb,maq}: This is of the same type as the 
above, but simpler, Again the right-angled triangles APD and ADQ’ 
can be constructed knowing their common hypotenuse AD and sides 
AP = hqand DQ’ =hp/2. (Q” is the foot of the perpendicular drawn 
from D on AC, as in case (14). C is obtained as the point of 
intersection of AQ’ and PD. B is the point on CD produce such that 
BD = DC . In general there will be two solutions corresponding to P 
and Q’ taken on the same side or on opposite sides of AD. 


16) Given { a,nig,hqa}: Construct triangle APD with 
AP = ha, AD = mg and angle P a right angle. On line PD locate points 
Band C such that BD = DC =a/2. Join AB and AC. 


Constr 14 : Given { hp, hc, ma } 


Constr 15 : Given { ha,hp, ma } 


Constr 16 : Given { a, ma, ha } 
A 


B DP ?P C 
17) Given { a, mj, hp }: First construct right-angled triangle 


BQC with BQ =h, and hypotenuse BC =a. With D, the midpoint of BC 
as centre and radius 1, draw arcs to intersect CQ at A and A’. Join 
AB and A’B. Both triangles ABC artd A’BC satisfy the given conditions. 
18) Given { a, mp, h,}: Start with BC =a. Draw parallel to 
BC at distance fh, from it. Mark point BY on this line such that 
BB’ =2m,. Bisect BB’ at E. Join CE and produce it to A such that 


CE =EA . Join AB. There can be two triangles satisfying the conditions 
corresponding to the two positions of B’. 
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19) Given { a,m,,h, }: First construct triangle BCQ. Locate 
E on CQ such that BE = m, (there can be two possible positions for E). 


Produce CEtoA such that CE = EA. Join AB. ABC is the required 
triangle. Two solutions are possible. 


20) Given {a,m,,h,}: Construct triangle BRC with 
BC =a, CR =h, and angle at R equal to a right angle. Through D, the 


midpoint of BC draw a line parallel to BR. Locate E on this line such 
that BE = m,. Produce BR and CE to meet at A. ABC is the required 


triangle. Again there may be two triangles satisfying the given 
conditions. 


Constr 17 : Given { a, ma, hp } 


Constr 18 : Given { a, mp, ha } 


11 


Constr 19 : Given { a, mp, hp } 


5B Cc 


Constr 20 : Given { a, mp, he } 


APPENDIX A 


To find three line segments inversely proportional to three 
given line segments /,, A, and fh... 


Draw a circle of sufficiently large radius. Take a point P 
sufficiently close to the circumference. Find points A,, B, and C, on 
the circle at distances h,, h, and h, respectively from P. Let the lines 
PA,, PB, and PC, meet the circle again at A, B, and C, respectively. 
Then PA>, PB, and PC, will be the required line segments inversely 
proportional to h,,h,andh,. This follows from the fact that 
PA, - PA, = PB, - PB, = PC, - PC). 
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APPENDIX B 
Given two rays AQandAR and point D within the angle 
QAR to draw a line through D to intersect the rays in B and C such 
that D is the midpoint of the segment BC: 
Draw DF parallel to AQ to meet AR in F. Find B on AR such 
that AF = FB. Join BD and produce it to meet AQ in C. Then BC is 
the required line. The proof is straightforward. 


Figure for Appendix A 


Figure for Appendix B 


A 
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PART II 
In this part we add to the list of elements in Part I the three 
angles of the triangle. Let us call them a, 6 and y. We now have the 
following twelve elements out of which three are to be chosen: 


{ a, b,c, m,, mp, Mor has hy, h,. & BLY } 


This set has 220 subsets with three elements of which we have 
covered 84 in Part I. Again not all of the remaining 136 cases represent 
distinct situations. As before we can argue that we need consider only 
twenty more cases excluding the cases of (a) three angles (which are not 
independent elements) and of (b) two angles and aline segment (in which 
case first a tnangle similar to the required triangle can be constructed 
using the angles, and it can be suitably enlarged or reduced to make the 
given line segment have the assigned length): 


l) a,bja 2) b,c,a 3) mma 4) mma 
5) hg, hp, O 6) hy, h,, & 7) a,m,,0 8) a,m,, O 
9) b,m,,% 10) b,m,,a I11) bm,a 12) a,h,,o 
13) a,h,,a 14) b,h,, a 15) by, hy, a 16) m,,hg, a 
17) mghy,@% 18) my,hg, a 19) my, hy, a 20) mh a 
Note that the set { 5, i, @ } has been included in the above list 
because its elements are not independent: h. = b sin a. Every other set 
consisting of two line segments and an angle will either not be 
independent, or it will reduce to one of the above twenty cases by a 
Suitable permutation of the vertices. 
We shall now show that construction of a triangle using only the 
ruler and compasses is possible in each of the above twenty cases. 


Cases (1) and (2) are standard and will not be discussed. In 
case (1) there will be two solutions if @ is acute and b> a. 

(3) Given { m,,m,,a}: Draw BE =m,. Draw the segment of 
a circle on BE as chord such that the angle in the segment = a. (This is a 


standard construction and therefore will not be discussed in detail.) locate 
GonBE such that BG = (2/3)m,. With G as centre and (2/3)m, as 


radius draw an arc to intersect the segment of the circle in A. Join 
AG and produce it to D such that AD=m,. Produce BD and AE to 


meet at C. Draw AB and AC. There can be two solutions. 


(4) Given { m,,m,, a}: Draw BE = mp. On BE as chord draw 


the segment of a circle such that the angle in the segment = a. Locate 
G* on BE such that BG’ = (4/3) BE. With G’ as centre and (2/3)m,. as 
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radius draw an arc to meet the segment in A. Join AE and produce it 
to C such that AE = EC. Join BC. ABC is the required triangle. 

Proof: By construction, angle A and the median BE have the 
required measures. We only have to show that the median from C also 
has the given length. For this bisect BG’ at G. Then BG =2-GE, so 
that G is the centroid of the triangle. Since E bisects both 
AC andGG’, AGCG’ is a_ parallelogram and __ therefore 
CG = GA = (243)m,. 

It follows that the median through C indeed has the length m.. 


Constr 3 : Given { ma, mp, & } 


A 


15 


(5) Given { ha, hp, }: First construct triangle ABG (two 
angles and a side known). Draw a circle on AB as diameter. With A 
as centre and /tg aS radius draw two arcs to intersect the circle in 
P and P’. Produce BP (BP’) and AQ to met at C (C’). Only one of the 
triangles ABC and ABC’ will satisfy the given conditions. 

(6) Given { hp, hc, a }: Construct triangle ABQ (two angles 
and a side known). Draw the pair of lines parallel to AB at a distance 
of h. from it. Produce AQ to meet the lines at C and C’. Again only 
one of the triangles ABC and ABC’ will satisfy the given conditions. 


(7) Given { a, mg, }: This is a simple case. Draw BC of 
length a. On BC as chord draw the segment of a circle such that the 
angle in the segment equals a. With D, the midpoint of BC, as centre 
and mq as radius draw an arc to intersect the circle in A. (the other 
point of intersection will give only a congruent triangle.) Join 
AB and AC. 


Constr 5 : Given { ha, hp, & } 


Constr 7 : Given { a, ma, a} 


A 

B so: = Cc 

/ tee at 

/ | 

/ 

/ 
/ 
/ 


(8) Given { a, m,, & }: Let us first analyse the problem. Join DE 
. It will be parallel to AB. Now DC =(1/2)a and angle DEC equals a. 
Draw BC =a and mark D, the midpoint of BC. On DC as chord 


draw the segment of a circle corresponding to angle a. With B as 
centre and mm, as radius draw an arc to meet the segment in E. Join 


CE and produce it to A such that CE = EA. Join AB. 


(9) Given { b,m,, a }: Let us analyse the problem. Join DF. 
Then DF =(1/2)CA and DF is a parallel to CA. Hence angle AFD 
equals 180- a. 

Draw FD=6/2. Draw ray FA such that angle AFD equals 
180 -—a. With D as centre and m, as radius draw an arc to meet 
FA inA. (There can be two such points leading to two solutions.) 
Produce AF to B such that AF = FB. Join BD produce it to C such that 
BD = DC. Join AC. 

(10) Given { 5, m,,@ }: First construct triangle AEB knowing 
AE, EB and angle A. (Two solutions are possible under certain 
conditions.) Produce AE to C such that AE= EC. Join AC. 

(11) Given { b,m,,a}: Draw AC of length 6 units. Draw 
angle CAM =a. With C as centre and m, as radius draw an arc to 
intersect AM in F. Produce AF to B such that AF = FB. Join BC. If 


@ 1S acute and b> mM, then there will be two solutions. 
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Constr 8 : Given { a, mp, a } 


Constr 9 : Given { b, ma, & } 


A 
ro 
B D Cc 


Constr 10 : Given { b, my, a } 


A 
Lx. 
5 Cc 
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Constr 11 : Given { 6, me, a} 


M 


(12) Given { a,h,,a@ }: Draw BC of length a units. On BC as 
chord draw the segment of a circle with the angle in the segment equal 
to a. Draw a line parallel to BC at a distance h, from BC to intersect 
the arc of the segment at A and A’. Triangle ABC will be the required 
triangle. (Triangle A’BC will be congruent to triangle ABC.) 

(13) Given {a,h,,@ }: First construct triangle ABQ (two 
angles and a side known). With B as centre and a as radius draw an 
arc of a circle to intersect the line AQ in CandC’. If a<c, then 
triangles ABC and ABC will both satisfy the given conditions. 

(14) Given {b,h,,a@ }: Draw AC=6 units. Draw ray AM 
such that angle CAM =a. Draw a circle on AC as diameter. With A 
as centre and A, as radius draw an arc to intersect the circle in 
P and P’. Produce CP andCP’ meet AM in # and B’. Only one of the 
triangles ABC and AB‘C will satisfy the given conditions. 

(15) Given (6, A,, a): First construct triangle ABQ knowing 
h, and a. Produce AQ toC so that AC = b units join BC. 
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Constr 12 : Given {a, he, a} 


Constr 13 : Given {a, hp, o } 


Jw 
A 
gE Cc 


Constr 14 : Given { 5, Ag, a } 


Constr 15 : Given { b, hg,0 } 


Constr 16 : Given { mig, ha, o } 


(16) Given (m,, h,,@): Let us analyse the problem. Suppose 


the triangle has been constructed. Join DE, DF, EF. Let EF intersect 
APandAD in MandWN respectively. Then it is easily seen that 
AM = MP and AN=ND. Moreover AEDF is a parallelogram, so that 
angles AFD and AED are equal to 180- a. Therefore we proceed as 
follows: 


First construct the night - angled triangle ADP knowing the 
hypotenuse AD and side AP. Mark the midpoints MandN of 
AP and AD respectively. On AD as chord draw segments on either side 
of it corresponding to the angle 180° — a. Join MN and produce it to 
meet the segments in E and F. John AE and AF and produce them to 
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Cand B such that AE= EC andAF= FB. Join BC. (It is enough to 
draw one of the segments, say the segment AFD. Having located F as 
the intersection of the segment with the line MN, one can find first 
B and then C by joining BD and producing it to C such that 
BD = DC.) 

(17) Given { m,, hy a }: First construct the tnangle ABQ (two 


angles and a side known). Bisect AB at F. Let the line through F 
parallel to AQ meet the circle with A as centre and m, as radius in 


D. (If @ is acute the intersection on the same side of AB as Q is to 
be taken.) Join BD and produce it to meet AQ in C. Join BC. 


Constr 17 : Given { ma, hp, & } 
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(18) Given { m,,/,, @ }: Let us analyse the problem. Suppose 


the triangle ABC is constructed. Draw EP perpendicular to BC. Then, 
by the midpoint theorem applied to triangle APC, we _ have 
EP’=(122)AP=h/2. So first construct the triangle BEP’ 


(BE and EP’ are known and the angle at P’ is a right angle). Draw the 
segment of a circle on which A should lie (angle BAE =a). Draw a 
line parallel to BP’ at a distance /, from it to meet the segment in 


Aand A’. Join AE(A’ E) and produce it to meet BP’ in C. Join 
AB (A’ B). Triangles ABC and A’ BC are the two solutions. 

(19) Given { np, h,,@}: First construct triangle ABQ (two 
angles and a side known). On AQ (or QA produced, if a is obtuse) 
locate B such that BE = m,. There may be two such points leading to 


two solutions. Produce AE to C such that AE = EC. Join BC. There are 
two solutions if G@ 1s acute and m, <c. 


(20) Given { m,,h,,@ }: First draw the triangle ACR. Bisect 


AC at E. Locate B on the ray AR (or on RA produced if & is obtuse) 
such that BE =m,. Join BC. There can be two solutions when 1s 


acute and my, < b/2. 


Constr 19 : Given { mp, hp, a } 
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Constr 20 : Given { mp, he, & } 
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GEOMETRIC INEQUALITIES 


S. Muralidharan 
Let ABC be a triangle. We fix the following notation: 


BC=a CA=a AB=c 
r= the radius of the inscribed circle 

R= the radius of the circumscribed circle 

ro Up To = radu of the ex-circles 


s = semi perimeter = 5 (a+b+c) 


F = area of the triangle. 


In this note we describe a method for obtaining inequalities 


concerning the above elements of the triangle. 


Lemma 1: There exist positive real numbers x, y, 2 such that 


a=y+zb=z+xandc=xty. 


Proof. Since b+c>a, we have 

2s=a+b+c>2a 

“s-a>O 

Similarly s-—b>Oands—c>0O. 

Put x=s-—a,y=s-—band z=s-c. Then 
ytz=2s-b-—c=a. 

Similarly z+x=bandx+y=c. 

The following Lemma expresses the elements of the triangle in 


terms of x, y,Z: 


Lemma 2: Let x,y,z be positive real numbers such that 


a=y+zb=z+xandc=x+y. Then 


S=H=XtyYte 


XYZ 
r=4/—— 
XV Z 


Vayz (Xt yt) 


F = NVxyz (x + y +2) 


(x+y) (y +z) (z+x 
p= Otc) 
4 Vxyz(x+ y +z) 


= rhs = ’ 
a x b y ( z 
in a as sin 2 = sin e ay 
sin = NY E> in NI. 1 ewe caer 
2 be 2 ca - ab 
COS 2 as B C 
~— = cee: SY az 
2 be cos — = a COS = 4A: 
2 ca Z ab 
A aS 
tan-=\j/*_. B zV Cc XV 
2 SX (an— = eee tan — = =. 33 
Zz sy 2 SZ 


Proof: «+\v+c=s-ats-bt+s-c 
=3s-(at+tb+c) 
= 5. 


By Hero’s formula 


F= ve es 


ale Vos ye (x ty +c) xVZ 
oye ~ Nityte 


Paes See 
4F 4 Nxyz(x+y+2) 
oF _ Nae ty ts) 
a - 
Similarly, —— Pe veeety ts) 
infuafSras-o) _. J 
sin = = o 
2 bc bec 
Similarly, sing =f aiden, C. 
bee Sa es 
be 7 bc 
Similarly, cos ae a i C08 SEAT 
sin = 
tan — = : 2 ve 
os Segue 7 
2 


Similarly, tan uae \ | =| and tan © cay 
2 sy 2 SZ 


Using lemma 2, any inequality involving one or more of the 
elements a, b,c. 5,1, Ry ry "py T FA, B,C can be transformed into an 
inequality involving x, v and z. This inequality involving positive real 
numbers x,y,z can then be easily proved. The advantage of this 
method is that it provides a uniform proof for a large number of 
inequalities. (see Theorem | below) 


In Lemma 3, we prove inequalities about positive real numbers. 
These will be used in Theorem |. 
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Lemma 3: Let x, y,z be positive real numbers. Then the 
following inequalities hold. 


1. 8xyzS (xt y) (y+ 2) (2 +2) 
6 xyz S wy (x + y) + yZ(y + Z) + 2x (z+ xX) 
sytyztusxty $2 


2 
3. 
4. V3xyz(xt+ytz) <xytyztn 
5 


yixty)tyz(ytzta(ztysvrty te t 3xyz 


3 
6. mee 


: “a we +y?+ } 
3 
g xztytic| x a 


3 
9. xyz(xty+2) <x" y ae 2 + 22x" 
10. xyz (x ty +2) Say” + yz 34 2y3 
Proof (1) (vx - Vy)’ 20 
=>xt+y22 Vixy 
Similarly, y+z22 Vyz 
andz+x>2 Vz 
Multiplying the above three inequalities, we obtain 
(x+y) (y+ 2) (2+ x) 28 xyz 
(2) Follows from (1) and the identity 
(x+y) +2 (Z+x)=xy(xt+y)+yzZ(V+2 + 
zx (Z+ xX) + 2xyz 
(3) (x-y)20 
=x + y >2 xy 
Similarly y? + 27> 2yz. 
and x +27 > 2x 


Adding the above three inequalities we obtain 


mtyztusxr ty +2 


(4) 3xyz(xt+y+z)=3 { (xy) (zy) + (2%) (2) } 


= (xy) (xz) + (yz) (xy) + (ZX) (yz) 
+2 { (xy) (xz) + (yz) (xy) + (2x) (2) } 
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From (3) we have 
(xy) (xz) + (yz) (xz) + (2x) (yz) 
S (xy)? + (yz)? + (zx)? 
+. 3xyz (x ty +2) $ (xy)? + (yz)? + (e)” 
+ 2 (xy) (v2) + (yz) (zx) + (2) GY) 
= (xy + yz + zx)" 
o. V3xyz (x+y +2) Sxytyzter 
(S) Because of symmetry, we can assume that x 2 y 2 z. 
— Then x-z2y-z. 
WX (x-y)(x- 2) 2y(X—y) W— 2)... (*) 
Also z—xSOandz-—y<0O 
1 2(Z-x)(Z—y) 20... (**) 
From (*) and (**) we obtain 
x(x-y) (X-2) +y¥Q-x)—2) +2 (Z— x) (Z—y) 20 
Py tot dxyzzx7 (yt Dty (ctx) tz (x+y) 
= xy (x + y) + yz (y +z) +.xz (Z + x) 
(6) (xtytzpaxrrty t7 +3 (xy (xt y) + yz (y tz) + 2x (z+ x) + Oxyz 
=(xo+ y+ 2+ 3xyz) +3 (xy(xty)tyz(Vt2 
+ 2x (zZ+x)) + 3xyz 
> 4 (xy (x + y) + yz (y +z) + 2x (Zz + x)) + 3xyz using (5) 
=A{ x(t ety (SC 4x) 42 (07 +’) } + 3x92 
> 4 { x (2yz) + y (2zx) +z (2xy) } + 3xyz 
Since x’ + y* > 2xy etc 
= 27 xyz 
saes{ 34) 
(7) (xtytz2raxr ty +2742 (xy t+ yz+z) 
cx ty $742 (x7 + y? +2) by (3) 
=3Q°+y +27) | 
: XtyFZe v+y tee %) 
7 ee 3 
(8) (xtytzpaxrty te t3 (xy (xt y) t yz (y +2) t+ 2x (z+x)) + Oxy 
st ye 43 (rt yt 2 + 3xyz) + Oxyz, using (5) 
= 4 (x9 + y+ 23) + ISxyz 
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3 
3 3 3 

+ 

By (6) we have Apde[eeeee) 

genes 3, 
> 3 
ae (xtyt2s4(P¢y ery t5 (ty +e) 

=O +y +z), 
fee ea ee 3 


=> Xy 


3 3 
(9) xyz(xtyt2z)= (9) (zx) + (xy) (yz) + (2) (x2) 


< x7? + ye? + 27 x” by (3) 


(10) Let a), a5, b,, by, bz be real numbers. Then 


obtain 


X=y= 


hold: 


2 2, 2 
2 
Dig? 2 OS eee Ara b 2,2 2,2 
<ajb; + ay + a5b)a5b; t+ a3? + a3zb; + ayb; 
2,2 252 2 ,2 2,2 2,2 2,2 
< ajb5 + azb} + a5 bz + a3b5 + ayb) + ab; 


Adding arb; + a5b5 + ayb5 to both sides and simplifying, we 


(a,b, + aby + a3b3)” < (aj + a5 + a3) (b} + b3 + b3) 


Now (x + y + Z) (yz? + oy? + xy’) 


>(Wevie + Ver +e Vo? J 


= xyz (x+y+z) 

“. XyZ (x + y + 2) < xy? + yz" +2 
Remarks: (1) The mequality 
(a,b, + ayby + a3b3)° < (aj + a3 + a3) (bt + b5 + b3) 
Obtained above is called Catchy — Schwartz inequality. 


(2) In the above inequalities, equality holds if and only if 
z (Proof: Exercise) 


Theorem 1: In any triangle ABC, the following inequalities 


(1) 2r<R 
(2) V3 s<4R+r 
(3) 2s<3V3R 


(4) 24Rr- r<art+ hb t¢e? 
(5) 3r(4R+rn<s? 
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(6) 
(7) 
(8) 


(9) 


(10) 


(11) 
(12) 
(13) 
(14) 


(15) 
(16) 


(17) 


(18) 
(19) 
(20) 
(21) 
(22) 


(23) 
(24) 


(25) 
(26) 
(27) 


(28) 
(29) 
(30) 
(31) 


27r <5* 
27rR < 25° 
36r° <a? +b +c 


2 


abc 


R a bic 

16Rr —5r° <5" 

4r (SR-r)Sab+bc+ca 
a(s—a)+6b(s—b)+c(s—c)<9Rr 
gil god, ge det 

2Rr b>  4r 
V3s<r,+r,+7, 


a b ce .3 5 
Aft +afz +E <3 4/5 

r, Np r. Z r 
a bc abe 


rn lp re r 


Orsratrytr 


rat tht reSSR 
S4Rr <3 (ab + bc + ca) $4 (rpr. + 11g + Val) 
2 2 2 

"ro Va Vala 

ane 

8r Fur <3 V3 abc 

Ry Lan c 


*) 
ne 
oof 8 et Boe <4R-r, 
a+b? +c" 3° gas 
35 s 
ad (s- a) +b? (s~b) +07(s- 6) $5 abe 
bc (b + c) + ca (c + a) + ab (a + b) 2 48 (5s — a) (s — b) (Ss —C) 
2s? > 6 V3F + (a—b)* +(b-c)* + (c-a)’ 
a? +b? +07 >4V3F + (a—b)* + (b-c)* + (c-a)y’ 
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(32) 


(33) 
(34) 


(35) 
(36) 
(37) 


(38) 


(39) 
(40) 
(41) 
(42) 
(43) 


(44) 


(45) 


(46) 


(47) 


(48) 


(49) 


(50) 


a’b (a~b) + b°c (b—c) +.c"a (c - a) 20 
a’ (s—a) +b? (s—b) + (s—c) <abes 
(a+ b-c)(b+c-a)(c+a-—b)<abc 
5(Z] be Nbe ca Nca , ab Nab 


py ae Bee ct+a ath. 


__sinA__ _ snB _ B sinc C 
sin B sin areanc sin sinCsinA sin a sin A sin sinA sinB ~ 
IB 


a ae = See 
sin” * + sin? a ren 7-4 


A. BC 
nS et) sin 
t a t = t 
aS aN 5 an 
tan? © + tan? 5 + tan 2 


A B 
tan” 5 i tan” = — + tan 


=(3] 


Af 5+ tan 5 tan S +AYS + tan 5 tan 5 Af s+ tan 4S tan 2 


A B A C 
ete hie! Bei Osan ah Ge 


2 2 2 2 2 
Altar han tan c <2 
2 2 2 | 3 
sin = sie sm — 
2 2 2 
> 
se abe Stas sin=c = 
aay, aaa, ra 
A B C 
— — —> 
cot > + cot 5 + cot > 23 v3 
2A .2B 2B: 2-9 © 5C 2-3 A 
sin 5 sin 5 + sin 5 sin 5 + sin” > sin 5 


1 


> 55 (sin” A +sin? B+ sin’ C) 
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Proof: (1) 2r<R. 
Using Lemma 2, the inequality is equivalent to the inequality 


5) XyZ iz ag Teter 
Nxtytz 7 4 Vevz(xty +2) 
=> BxyzS (x+y) Y +2) (2 +x) 


which holds by (1) of Lemma 3 
(2) V3s<4R+r 


te PZ)ACT Vz 
oi (rt+y+gs eres) ul koa: +f 
xyz (x + y + 2) xtyt+z 
+ 
eV (xtyt2 Eyes kee 
xyz (x + y +2) 


e (x+y tz) V3xyz (x ty +2) S(t) +2 (Z+x) +02 
By (4) of Lemma 3, we have | 
V3xyz (x + y +z) Say tyztzx 
(x+y +z) V3xyz (x t+ y+ z) S(x+y tz) (xy t+ yzt zx) 
= (x+y) (y+ 2) (Z +x) + xyz 
(3) 2s<3V3R 


+ eZ) oe 
de ciae Vy Sap berger 
@2x+ytz <3 V3 GRAD 


> 8 (xt y tz) V3 xyz (x+y +2) $9 (x+y) (V2) (2+) 
By (4) of Lemma 3, we have 

V3xyz (xt y +z) Sxytyztzx 

8 (xt ytz) V3 xyz (x+y +z) SB (xt y tz) (xy + yz tz) 


=8{ (x+y) (yt+zZ) (zZ+x) + xyz } 
<8 (x+y) (y +z) (z +x) + (x+y) (y + Z) (27+), 
by (1) of Lemma 3. 


=9(x+y)(y+2) (z+) 
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(4) 24rR - 12r° 


xt+y)(vt+Zz)(z+x XyZ xyz 
4 Vxyz (x + y + 2) xt+ytz. xtytz 
6 (x+y) V+2) (2+) - l2xyz 


X+ytzZ 


—_— 
— 


6 { x+y)t+yz(y+z)+zu(z+x°' } 
XTYATZ 


(xt yt 2 (ath tcry=(xtyta{ (ety t (yt ort (stay } 
=A(xtytA(xrty¢lt¢aytyet uy) 
=2( +p 42 + 3x72) 

+4 (xy(xt+y)+yzQtzt+u(zt+x)} 
22{xy(xt+y)+yz(vtz)t+u(z+x) 
+4{xy(xty)t+yz(yt+z)+zx(z+x)} by (5S) of Lemma 3. 
=6{ xy(xt+y)tyz(ytz) +z (z+ x) } 


+Z+7x(Z+xX 
X+yt+2 


= 24Rr - 12r° 
(S) 3r(4R+rn <s* 


ro XYZ (x+y) +2) Zt) | XyZ 
N ct yt xyz (x + y + Z) peer 


x+ +2) (z+x) + xyz 3 
= 3 <(x+y+ 
xty+z ie ae 


a+ b* +c" > 6. 


<(xt+ytz) 


<3 {xy(xty)tyz(zt2)ter(2+x) +32} S(xtyt+z 
2 3xyzsxrtypte 


By (6) of Lemma, 3, we have 
ye. AY 
+y + 
rye (2 3 S | 
P+ytz 
XyZ Ss ni Sia 


(6) 27° <s? 


327. SSG Pes), 
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> 27xyz < (x+y +z), which holds by (6) of Lemma 3 
(7) 27rR< 2s? 


ee ee SF OEE <2 (ct y +9)? 
xtytz 4Vxyz(x+y+2) 


> 27 (x+y) (yt 2) (24x) <B(xty+z) 


= 27 (x+ y) (y + x) (c+ x)<(xtytytz+x) 

Applying (6) of Lemma 3 to x+y, y+ zand z+; we see that 
the above inequality holds. 
(8) 36r? <a? +b tc? 


a 
xXx+ytZ 


© 36: (x+y) t(ytgr+(etxy 


= ISxyzS(xtytD(erty+otaytyzt+z) 
By (6) of Lemma 3, we have 

x+y+z2>3 (xyz)? 

x+y? +2723 (xyz)? 

xy + yz+ 2x23 (xyz) 

+ (xtyt2(ety toy tzy +z) 


> 3 (xyz) rt 3 (xyz) + 3 (xyz) ) 


= 18xyz 
2 abc 
4p 
2): BF at+bt+c 
24.22 < ty) +z) (z+) 
xty+z  2(x+tytz) 


<> 8 xyzS (x+y) (y +2) (z+) 
which is (1) of Lemma 3. 
l 1 1 atbte 


(10) the be ca abc 


= 2(xt+tytz2) 
~ (x+y) (y +z) (z+) 


_2(et+ yt 2 (xt wy Ot) @+%) 
(x+y)? (y +2)" (2 +x)” 
By (1) of Lemma 3, (x + y) (y + Z) (x + 2) 2 8xyz. 
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(11) 


(12) 


pL LL 1S lonz(xt+yt+2) 


(tx xtyyt+Qytzxatytyt+a(ztex 
(x+y) (y +z) (z+) 


x ty t2t3ytyzta) 


(x + y) (y + 2) (7+ x) 


yt yet ut 3 (xy t+ yzt+ 2) 
(x ty) tz) (z4+4) 


by (3) of Lemma 3 
__ 40ytyz+z) 
(x+y) tz) (+x) 
S 4 V3xyz (x + y +2) 
~ (x+y) (y +z) (z+ x) 


by (4) of Lemma 3 
V3 


R 
2 
16Rr — Sr 


16s x + +Z(Z+xX Xyz ang XyZ 
4 Veyz (x+y +2) xtyt+zZ x+y+zZ 
_4(xt + 2) (2+ x) — Sxyz 
xt+ytz 


4 x+y) +y2(y+Z) +z (Z+ x) } + 3xyz 
X+yrtZ 


Pty +z + 3xyz 
+ 3 { x+y) yz(y +z) 2x (z+ x) } + 3xyz 
X+ytz 


by (5S) of Lemma 3 
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(13) 4r(5R-7r) 


_ [xyz S(xt+y)(y+z)(Z+x) © [xyz 
7 oe 4 Vxyz (x + y+ 2) Sere 
_ Sty) +2) (z+ x) — Axyz 


7 xty+z 
Also, 
ab + bce+ca=(x+y)(y+2)+(yt2z) (z+ x) + (z+ x) (x+y) 
=x ty t74+3 (xytyztzy) 
o. (x+y +2) (ab + be+ca)=(xt y+ D(x +y? +2) 
+3 (xy + yz+2zx)) 
= ty 4244 (xy (x+y) tyz(y tz) +e (z+ x) + Oxyz 
= (x+y t2° + Bxyz) +4 (xy (xt y) + yz (y +2) + 2x (2 +x) + Oxyz 
25 (xy (x + y) + yZ(y + 2) + 2 (z + x)) + Gxyz by (5) of Lemma 3 
=S(xt+y)(y+2z) (2+ x) — 4xyz 
=(x+y+2z)4r(S5R—r) 
“.ab+bc+ca24r(5R-—r) 
(14) a(s—a)+b(s—b)+c(s—c)=x(y+2) +y(z+xp+72(x+y) 
=2 (xy+ +yz+ 2x) 
Also, 
spp xg ENO Des). [7 
ne 
4 Vxyz(x+y+2) xtyt+z 
_9@ty) tz) Zt+x) 


7 4(x+y+z) 
Now, 
8 (x + y+ Z) (xy + yz + 2x) 


=8{xy(xt+y)+yz(ytz) +2 (2 +x) + 3xyz } 
=B8{xyQty)tyz(ytz) t+ (z+x) + 2xyz } + 8xyz 
=8 (x+y) (y +z) (7+ x) + 8x2 


S8(xty) (yt z)(Z+x) + (x+y) (y+ 2) (2+), 
by (1) of Lemma 3 


=9 (x+y) (tz) (z+) 
= 36 Rr(x+\v +2) 
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“ 8(x+y4+2z) Cyt yct+ 2x) S$ 36 Rr (x + y + 2) 
=> 20vt+yet2u)y<s9Rr 


=a(s—a)+b(s-—b)+c(s—c)<9Rr 


li 2(x+yt2z) 
>) 2Rr (x+y) (y +z) (z+) 
= I ] l 
(x+y) 42 (+2 (Ztx) ty) (ZtH) 


Z rs ] ‘i 


(xtyy? (yt2? (z+) 
] l | 


=s+3t+s 
a’ b? c? 


by (5) of Lemma 3, 


Also 


ee ey eee ee 
2 bt (x+y)? (y +2) (z+x)* 


a 


(x + y)? =x" + 2xy + y* > 4xy, since x7 + y? > xy. 
1 


Le. ees 
< — 
ee Similarly, 


(x + y) 

Deel 

(+z? Ay 

L ss 

(z+ x) 42 
ce cree core eee 
ae be ce (4 xy yx x 
_xXtyt+z_ 1 
4xyz Ar? 


(16) ro trpytr, = Vxyz(xt+y +2) aed 
| in 


Ge — 
By (4) of Lemma 3, we have 
Xy + yZ+ 22> V3 xyz (x + y + 2) 
. xyz (x+y tz) 
Ng t tht re 2X3 - ae 
=V3 (x+y+z)=V3s. 
37 


(17) V2 +VfZ safe 
oe a) Vy (2 +x) + Vz(x ty) 


et 
s(xtyto+s S(xty +45 (x+y +2) 


; J 
since Vx (y + Z) <5 (xty +2) etc. 
ere ai Ae ae 
(xyz (x+y + 2)“ 


3 
2 
3) Nxtytz 
2 


(18) —-+— + 


x(yt2) ty (z+3) tz@ty. x+ +z) (z+x 


xyz (x + y + 2) : 
Nxty+tz 


ax(ytzty(ztxptz(et yr S(xtytZ (ety) (yt2 (zt) 
eo xy (x2 +y*) tyz(y? + 22) + x (22 + 2°) + Oxyz (x ty +2) 
<(xt+ y+z) (x+y) (y +z) (2+) 

> xy (x7 + y*) + yz (y? +27) + zx (27 +27) + Axyz (x + y +2) 

S(xt+yt+z (xy t+y)tyzQtz) +2 (Z+x)) 
= Axyz (x + yt 2) S xy (Dy + yz + 2) 

+ yz (xy + 2yz + 2x) 

+ 2x (xy + yz + 22x) 


= 


= dxyz (xt yt2<Siytyzt ay txy tye? tx? 


Now, by (4) of Lemma 3, 
V3xyz (xt yt 2) Sxytyz+2x 
and by (9) of Lemma 3, 
xyz(xtytasxryty eter 
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“ Axyz(xt+ytz2)=3 xyz (x+y tz) txyz(xtytz) 
2 2.2 2:32 22 
S (xy + yz+ wu) + xo y” + yr" + 2x 
1 i 1 
(19) rat yt tea WR FE | HSH 


z 
Vixty+z x yp @ 
By (6) of Lemma 3, 
] 
(xyz) <3 


=r, trt+r.29- Awe _ = 9. 
Nixty+z 


9 
(20) TatlptreSaR 


| 1 1 =$1)C9 (x+y y+) +x) 
+ — _— _ S7- 
PANE ET I! raed 2 4NVxyz (x+y +2) 
> Bxyz (x + y + 2) a <9 (x + y) (y+ z) (7+ x) 


> 8(xtytz) (xy t+yztays9(x+y) (y+2) (z+) 
<> Oxyz S xy (x+y) +yz(y +2) + 2x (z+), 
which holds by (2) of Lemma 3. 


(21) S4Rr=54- 24+ YO+IDE+% [yz 
4 Vxyz(x+ y +z) x+y+2 
_ 27 x+y) +z) (Z +) 


2 xt+yt+z 
“. S54Rr <3 (ab + bc + ca) 


S3 {ty Otga+Ots(Z+x)+Z+x) (x+y) } 
O(xty)(ytz(ztxS2(xtytD (ety +7t+3 (yy tyztw) 
<9 { xy(aty) tyz(y tz) +2x(2 +x) + 297 } 

S2{ ty t+ Ot (ey (x+y) tyz(ytz tar(ztx)) +9 xyz } 
eray(xty)tyz(ytatau(ztxs2rty +z) 
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By (5) of Lemma 3, 
oy (xty)tyz(ytte(ztx <Q tyr te + 3xyz. 
Also, by (6) of Lemma 3, 
Zxyzexrty +z 
xy (xty) tyz(yt2) tax(ztxs2(P+y+2) 
“. S4Rr < 3 (ab + bc + ca) 


3 


Also 
3 (ab + be + ca) $4 (ryt Fra + Tarp) 


2... 2, 2 | l | 
s(x ty +27 +3 (xytyzt+z)) S4xyz(xtytz)-4 — ++ 
( y ( yz + zx)) xyz (x + y + 2) - 


93 (x2 + yt 2°) +9 (xy tyzt zr) S4(xty +2) 


eraxytyztauc<xrty +2, 


which holds by (3) of Lemma 3. 
2 2 2 
On), 224 2 a 
THe "Ta Valb 
eo a'r, tbr, +r. 24 ra bl c 
> yz(y tz)? + zx (zt x) + xy (xt y)? > 4ayz (x+y +2) 
e>yz(xntytz—x)tau(xtyt+z—-y) tay (xt yt+z-2z)" 
> 4xyz (x + y + Z) 
> (xt y tz)? (xy tyzt 2x) - Gxyz (xt yt 2 txyz(xt+y+2) 
| 24 xyz (x+y +t 2) 
=> (x + y +2) (xy + yz + 2X) 2 Oxyz 
= xy (x+y) t+ yz(ytZ) + 2x (Z +x) 2 Oxyz 
which holds by (2) of Lemma 3. 
(23) s*<P+Rtr 


l l l 
(x+y +2) Sayz (x+y tz) atatD 
x y 2 
= Xy2 (x+y + 2) < xy’ + yr? + zx’, 
(24) 8r,r47.<3 V3 abc 


Vxyz (x + y + 2) 
= 8 <3 V3 (x+y) (yt 2 (z+x) 
XyZ 
on 2 DEMHVAD 23 yZ Ht +z) (z+x 
xyz 4 Vxyz (x + y + Z) 
40 


3 


x+ +2)(2 +X 
< 
2 (xtyt2<3V3 a a 


> 2s<53V3R 
This inequality holds by (3) above. 
05) @s2 48 
roc ob 
xX+ +712 +X are See 
~ xyz (x+y +2) ie a: 
(x+y) Y +z) (z+) Z+x ern 
seein cataee = pay ae 
pee | l 


TL acmenS | 
narra (x+y) (x +2)” 
Now, (x + y)? > 4xy and (x +. z)* > 4xz 


eee een ee ee ne 2 4 
(xty)? (x+z)? 4 4xz Axyz 


2 2 
(26) er 


ry 54 Ot +Y- z) < & +y) (y +z) (Z+ x) _ yz(x+yrtz) xt yz(x+yrtz) 
2 vxyz (x + y +2) xyz (x + y +2) \ 
ran Zxyz(xtyt+atry a a's 2 HMO FD +s) yeety tg si — sie LCS 
xy (xt y) +xz(xt 2) +x 
— Zxyz(xtytzt+y+7< — = a8 z 


> V3xyz(x+y+2) Say t yz + 2x, 
which holds by (4) of Lemma 3. 


(27) a? +b’ +c*> 2 | e+e | 


35 k) 
3 
2 2 2, 36 @&t+ytz) + (x+y) (y +z) (Z +) 
& (x+y) +(y +z) + (z+ x) 2 35 Payee 


70 (x ty tetaytyzt zx) Gaga) 
> 36 {x+y +2 + Ary (xt y) + 4yz(y +2) 4+ 
4zx (z + x) + 8xyz } 
= 70 (x+y? +2 J+ MOL oe ty +249) 426+9) 
+ 210 xyz > 36 (x ty? +z) + 144 { xy (x+y) 
+ yz (y +z) + 2x (7+ x) } + 288 xyz 


A1 


230K tye T)t4a4(er ty t2° + 3xyz) 
"D4a{xy(xty) + yz(yt+z) +27 (z+ x) } +90 xyz 
By (5) of Lemma 3, 
xy(xty) tyz(yt Dt(Ztxsxrtyte + 3xyz 
and by (6) of Lemma 3, Zxyzsxrrtyte 
“ O xyz+4 { xy (x+y) +yz(y +z +a (2+x) } 
S20(Pty+P)+4(P ty te +392) 


(28) a? (s—a) + b?(s~b) +07(s~c) <> abe 

exit ty eta tert sort yt (2 +x) 
x(t 2)ty(P+ 4722 ty) + On255 (x+y) (y +z) (z+x) 
epay (ety) tye ta) tax (etx)+6yzs 5 Et OF DE+H) 


(x+y) 42) (240) H4yzs5 (x+y) O49 (z + x) 
> 8 xyz S (x + y) (y +2) (7+ x) 
which holds by (1) of Lemma 3. 
(29) be (b+c)+ca(c+a)+ab(a+tb) 
= (x + y) (y+ 2) (x+2y +2) + (y +z) (z7+x) (x+y t+ 22) 
+(z+x) (x + y) (2x + y +z) 
=3 (x+y) (y+2Z)(z+x) + 2x (x+y) (X42) + 2y (+2) (V+ x) 
+ 2z(z+x)(z+y) 
=3(x+y) (yt 2 (ztxyt2{rtytert(xtytyz 


(xy + yz + 2x) } 
By (1) of Lemma 3, 


Sxyz < (x + y) (y + 2) (Zz +x), 
by (6) of Lemma 3, 
3xyzsvrrt¢yte, 
3 (xyz) ?Sxtytz 
3 (xyz) Say tyzt+zx 
“bce (b+c)+ca(c+a)+ab(atb) 224 xyyz+2 { 3x2 +9 GZ } 
= 48 xyz 
= 48 (s — a) (s — 5) (sc) 
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(30) 


(31) 


(32) 


(33) 


(34) 


6 V3 F+(a—b)* + (b-c)* +(c — a)’ $25” 

<> 6 V3 xyz (x+y +2 t(x-y)t+(y-2) + (2-2) 
<2(xt+y+tz) 

<> V3xyz(x + y +2) Sxytyztzy, 

which holds by (4) of Lemma 3. 

a’ + b*+c° > 4F V3 + (a—b)* +(b-c)*+(c-ay’ 

eo (xt y) + (yt 2)? + (z+4)° 24 V3xyz (x+y +2) + 

(x-y)? + (y- 2)? + (@-2) 

exytyztzr>V3xyz(x t+ yt+2) 

which holds by (4) of Lemma 3. 

4V3 F(at+b+c)=4 V3 xyz(xt+yt+z) 2(xt+yt+2) 


= 8 V3xyz (x + y +z) (x+y +2) 
<8 (xy +yztz)(xt+y+2), by (4) of Lemma 3 


=S8{xy(xty)t+yz(ytzt+eu(zt+x) +3 x72 } 
=8 (x+y) (y+2) (7+ x) + 8 xyz 
<9 (x+y) (y +z) (z+) by (1) of Lemma 3 


3V3 F=3 V3 xyz(x+ y +2) 
<3 (xy + yz + zx), by (4) of Lemma 3 


=xy t+ yztert+2 (xy + yz t+ 2) 


Sx ty? $2742 (xy + yztz), by (3) of Lemma 3 
=(x+y+2z)" 
= 57. 
Or 
— < — pas Ss 
Fa be 
re ees ce 


—) s pee oy 
2Vxyz(xt+ytz) x+y yz 2+x 
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9 ] ] 1 
2(xtyt2) Xx+y yz Z+xX 


lA 


By (6) of Lemma 3, 


] l 1 ] 3 
+——— + ——- > 3 | ——__________ 
x+y yz Z+x Crereeyard 
and (x+y) + (y +z) +(z+x) 23 (x+y) (y +z) (z+x))” 
Multiplying the above two inequalities we obtain 


+—— + +y+y+7+7+ > : 
( ae Je ytytztztx)29 


(35) a’b(a-b) +b’c (b—c) + c’a(c—a) 20 


= (y +2)" (z +4) (y-x) + (2 +4)" (x+y) (2-9) 

+ (x+y)? (y +2) (x -—z)20 

— xy? + yz +z > xyz (x + y + Z), On simplification. 
This inequality holds by (10) of Lemma 3. 


(36) a’ (s—a)+b?(s—b)+c°(s—c)<abes 


eox(ytz)ty(ztxp+z(xty)y 
S(x + y) (y +z) (2 +x) (x+y +2) 
eaox(y+ryty(z tx)t¢z( + y) + 4xyz (x+y +2) 
S{ xy (x+y) t+yz(ytz) +z (z+ x) J (xtyt+z) 
ax(ytryty(Ptx)ytz( ty) +2 xyz(xt+ y +2) 
Sxy(xty) tye (yt 2) + x(z+2) 
> xyz (x+y +z) Sx7y? + y*z” + z°x* 
which holds by (9) of Lemma 3. 

(7) (a+b-—c)(b+c-c-—a)(cta-—b) 
= (2s — 2c) (2s — 2a) (2s — 2b) 
= 8 (s —a) (s — b) (s—c) 
= 8xyz 
< (x + y) (y + Zz) (z+ x), by (1) of Lemma 3 
= abc 


=F aty+2? 


since b+c>2 Vbc,c +a>2 Vca anda+b2>2 ab, we have 
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(39) 


<5 (ab + be + ca) 


i 


Wilco WIN ADl=— Al—=— ADAl— Al— 


foe 


{ ab +bc+ca+2 (ab + bc + ca) } 


lA 


2 2 2 
+ be + 
{a° +b’ +c° +2 (ab + bc + ca) }, by (3) of Lemma 3. 


—_— 
—_ 


(a+b+c) 


4A(xty+z)" 


N 


—_~ 
~< 
+ 

<< 
+ 

cy 


Y | 


Nee” 
tw 


sin A ‘ sin B ‘ sin C 
sin B sin C sin C sinA sinA sin B 
ae a b oF os 
— —_—_ —— + eile: ; 
| vse) V ab 


at+tb+c 
= VR | Vabe since a=2 RsinA etc. 
2 [2 x+ +)(z+x 2(x+y+z2) 
7 4 Vxyz (x + y +z) (x + y) (y + 2) (27+) 
= 2 (x+y tz) 4 
xyz 
By (6) of Lemma 3, 27 yz (x+y+2)° 
| tytz 4s (27)4 
ce =i ! 
_ ay { ete? 4 > 2 (27) =3 4 
xyz 3 
Ag) Bt) Cad 
(40) sin > t+ sin > + sin 724 
ye aw wiy3 
he Gh ab A 


ye (y+ 2) tex (2+x) tay (ety) 22 (x+y) V2) (E42) 


6 xyz S xy (x + y) + yZ(y + 2) + 2x (7+ x), 
which holds by (2) of Lemma 3. 
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a err ee C_.f% [2 [2 
(41) sin > sin; sin > = ra =. ” 
eee. eee 
(x+y) +2) (Z +x) 
=< 1%, by (1) of lemma 3. 


A 4,8 C o4f% af 4]2 

a) oan 2 — 2 = 2° Nsx sy $2 
a a 
X+ytZ Ftytz 


(aty+z 


< by (6) of Lemma 3 


t 
27” 
N3 


2A 2B 
4 =—+ as 
(43) tan tan 7 tan ig ae 


xyz(xt+y+z) > ft by (9) of Lemma 3. 


6A 68, 6 Ct 
(44) tan > + tan > t tan 729 


= ey? (xtyt zy <9 (x°y® + y°z® + 2°x) 
By (9) of Lemma 3, 
2.2 


mz(xtyt2sxry ty’ +z x 
and by (8) of Lemma 3, 


| 
x’y? + yz" + 2°x? Z x®y + ye2® + 25,6 3 
3 7 3 


(x*y? + yr + 27x) <9 (x®yo + yr + 2°x°) 


B C C A A B 
45 = = = — — — 
(45) 5 + tan tan + 5 + tan, tan, + 5 + tan > tan, 
=afs+af% NE rafs+af# 2 rafs+af2 NE 
SX su sy $Z $Z SX 
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=/5+- +4f5+2 +af5+2 
5 S AY 
12 


St 54 5S 
° by (7) of Lemma 3. 


3 
= 4 V3 
A B Cc 8B 
4 = = — tan — tan = 
(46) a tan’, +b tan’, +c tan, 6s tan “| tan > tan > 


arg + (2 +X) +(rty) J 
SOG, 


= (y +z) y2Zt(z +x) z+ (x4+ y) xy > 6xyz, 
which holds by (2) of Lemma 3. 


2 2 Z 


= (=| yf 4 ay | carves 
x+yt+z SX sy SZ 3 


5 VE ee 

XY EZ 3 
> 3(xytyztzys(xtytz)" 
eSxtyztusxty +g 
which holds by (3) of Lemma 3. 


(47) {ang tan 5 +n |s§ 


A 
sin — SIn — sin —— 
(48) Sa NY A SM ey ain 
omy SOS. age ere, 


+Z2)+Z2(Z +X) +x (X+ co 
A 
2V3 xyz(xt+y+z) Sx byte txyt yet 


By (4) of Lemma 3, we have 


2V3 xyz(x+yt+z) $2 (y+ yzt+2) 


= (xy t+ yz + 7x) + (xy + yz + 2X) 
47 


<x ty? ter txytyzt zx, 
by (3) of Lemma 3. 


(49) cots + cot 5 + cot a Cs 33 


SX 
aye rye tye 
yz ra 
o> (x ty +z) > 3V3xyz 
3/2 
ee > Ving 
By (7) of Lemma 3, 
/2 
xty+z : : a mae 
= 3 


3 
and by (6) of Lemma 3, 
vex + Vy + vz y a5 vey > Vaz 


nna 


3 3 


7 aR? Ry peter 2, SRO Je ORR 

(SO) sin > sin > +sin 5 Sin > + sin > sin 9 
Ze OY XY 
~ be ca ca ab ab bc 


= AVE |) #. re care 
abc bc 


sin 4A= 4 sate 4. ==s 
2 2 bc? 


(oe: a Go 


Similarly, sin’ B= 4-5 and sin? C= 4-5 
Cc a“b 


2A .2B 2B .2C PC. DA 
pens — + —— —_a_ pares 
. sin 7 sin ) sin ,) sin ) + sin ) sin ,) 


l 
275 { sin? A + sin? B + sin” C } 
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AYE | Bo VE Ve oA aha go 
ot iedek bei eo Got a3t ag 


> xbe+ yea t ab > (xt y +2) (a +B +c) 
= x(x+z) x+y) ty(y +z) (ytx)t+7z(z +x) (z+ y) 


2 
SZ et yt De ty +2 taytyta) 


eorteytrt(xrtyto(ytyztz) 
29s. 0: 9 2 | 
23 ( +y +z)(xtytzt+3 ty tz) Oyt yet a) 


exrtytret 3xyz 2xy (x+y) + yz(y+z) +2 (Z+x) 
which holds by (5) of Lemma 3. 


Remark : In the above inequalities it is easy to see that 
equality holds if and only if the triangle is equilateral. 


In the above we obtained inequalities about the elements of a 
triangle by using inequalities about positive real numbers. We can 
obtain certain inequalities about positive real numbers using 
inequalities of the triangle. To illustrate the method, we prove: 


Theorem 2: Let x, y, z be positive real numbers. Then 


xyz (2x + y + 2) (x + 2y + 2) (x+y +2z)S(xt+y)? (y +2)" (2+x) 
Proof: From (25) of Theorem | we have 


*y+0(a° +b" 


_a b°+c*)+b(ce+a 

7 abc 

ab (a+b) +be(b+c)ca(c+a) 
abc 


5 3 (at b) (b+) (c + a) 
s 4abc 


since 
3 (a+b) (b+ c) (c +a) =3 { ab(at+b)+ bce (b+) 
+ ca(c+a)}+6abc 
<4{ab(a+b)+bc(b+c)+ca(cta) } 
by (2) of Lemma 3. 
49 


AR , (at b) (b+) (c+) 


aa abc 
If x, y, Z are positive real numbers, then a=y+z,b=z+x and 
c=x-+y are the sides of a triangle. Applying the above inequality, 
we obtain 
(x+y)? (y+ 2)" (@ +x)" Bayz (2x + y +2) (xt 2y +2) (x ty + 22) 
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